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9 Competitive Neural Networks

the basic competitive neural network consists of two layers of neurons:

e The distance-measure layer,

e The competitive layer, also known as a “Winner-Takes-All"
(WTA) layer

The structure of the competitive neural network is shown if Figure 9-1
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Figure 9-1:The structure of the competitive neural network

Thedistance-measurdayer contains ann x p weight matrix, W,
each row associated with one neuron.

This layer generates signalli(n) which indicate the distances
between the current input vecter(n) and each synaptic vector
w;(n).

The competitive layer generates binary signalsy;. This signal is
asserted “1” for the neurori-th winning the competition, which is the
one for which the distance signal;, attains minimum.

In other words,y; = 1 indicates that thej-th weight vector,w;(n),
is most similar to the current input vectax,n).
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9.1 The Distance-Measure Layer

The detailed structure of the distance-measure layer depends on the
specific measure employed.
Let

d= D(x,V)

denote a distance, or similarity measure between two vectorand
v. The following measures can be taken into considerations:

e The most obvious similarity measure is the Euclidean norm, that
is, the magnitude of the difference vectdar,

d=|lx— vl =] = /6 +...+062 =V -5
Such a measure is relatively complex to calculate.

e The square of the magnitude of the difference vector
p
d=|lx—v[? =8| =6 =0"-6
j=1

The square root has been eliminated, hence calculations of the
similarity measure have been simplified.

e The Manhattan distance, that is, the sum of absolute values of the
coordinates of the difference vector

d— zpjl 15, = sum(abs(8))
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e Theprojection of x on v. This is the simplest measure of
similarity of thenormalised vectors:

d=v'-x=|v|]-|x]| - cosa

For normalised vectors, when|v|| = ||x|| = 1

we have
d=cosa € [—1, +1]

and also

if d=+1 then ||§]|=0  vectors are identical
if d=0 then ||6||=+/2 vectors are orthogonal
if d=—1 then ||§||=2  vectors are opposite

In general, we have
16])? = (x=v)T(x—v) = x"x—2x"v+vTv = [|x|+[]v]|*—2v'x

Hence, for normalised vectors, the projection of the similarity measure,
d, can be expressed as follows

1
d=vlix = 1—§H5H2
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Normalisation of the input vectors can be achieved without any loss
of information by adding another dimension to the input space during
preprocessing of the input data.

Assume thatp — 1)-dimensional input vectorsk(n), have been
already scaled into thé—1, +1] range, that is,

Ix(n)|| <1 V(n=1,...,N)

If we add thepth component,z,, to x, we obtain g-dimensional
vector, x and we can write the following relationship

[lx(m)[[* = [Ix(n)[]* + 25(n)

Now, in order to normalise afi-dimensional vectorsx, thepth
components must be calculated as follows

xﬁ(n) =1—|[x()|)* ¥Y(n=1,...,N)

This operation is equivalent to the projection of the input data from the
(p — 1)-dimensional hyper-plane up onto tha&limensional unity
hyper-sphere, as illustrated in Figures 9-2 and 9-3.
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Figure 9—2:Normalisation of 1-D input data by projection onto a unity
circle
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Figure 9-3:Normalisation of 2-D input data by projection onto a unity
sphere
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For thenormalised vectorsthe distance-measure layer is linear, that is,
d=W - x

The structure of the competitive neural network which employs
projections as the distance measures is illustrated in Figure 9—4 in the
form of a signal-flow block-diagram and the dendritic diagram.
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Figure 9-4.The structure of the distance-measure layer for the normalised
vectors
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The greater the signat;(n) is, the more similar is thgth weight
vector, w to the current input signak(n).
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9.2 The Competitive Layer

The competitive layer, also known as the MinNet (MaxNet), or the
“Winner-Takes-All” (WTA) network, generates binary output signals,
y;, Which, if asserted, point to the winning neuron, that is, the one with
the weight vector being closest to the current input vector:

1 if j:argmlgnD(x,wk)
)0 otherwise

In other words, the MaxNet (MinNet) determines the largest (smallest)
input signal, d; = D(x, w;).
The competitive layer is, in itself, @current neural network with the

predetermined and fixed feedback connection matkik, The matrix
M has the following structure:

where a < 1 iIs a small positive constant. Such a matrix describes a
network with a local unity feedback, and a feedback to other neurons
with the connection strength-a.
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The MaxNet network

The MaxNet network is an implementation of the competitive layer
described by the following block diagram

M

Figure 9-5: The block-diagram of the MaxNet network (competitive
layer)

The input vector,d, is active only at the initial timep. = 0, which is
accomplished by means of the delta function

1 for n =0 (initial condition)

5(n):{0 for n 0

The state equation, which describes how the state vestoy,
evolves with time, can be written in the following form

sin+1)=M-r(n)+d-dn)

where, the feedback signaign), are formed by clipping out the
negative part of the state signals, that is,

sj(n) for sj(n) >0

r;j(n) = max(0, s;(n)) = { 0 for s;(n) <0 for j=1,...,m

Finally, the binary output signalg(n), are formed as follows

1 for r;(n) >0

yj(n)z{o for 4(n) = 0 for j=1,...,m
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Alternatively, we can evaluate the state signals as:

s(1) = d
r(n) = max(0,s(n))
siin+1) = rjn)—ad r,for n>1 and j=1,...,m
k#j

At each stem, signalss;(n + 1) consists of the self-excitatory

contribution,r;(n), and a total lateral inhibitory contribution, ) _ .

k#j
After a certain number of iterations ali, signals but the one

associated with the largest input signdl, are zeros.
Example

Let « = 0.2 andm = 8. The feedback signalgn) can be calculated
as follows:

r(l)| — Jr@)] — |rB)| — |r@) | — |r()] — | r(6)
7.3 1698 .32 .99 O * 0 * 0 * 0
42 1760 O * 0 * 0 * 0 * 0
9.6 16.52(3.08|.44(2.64|.24| 2.4 |.13]2.27|.04|2.23
71830 O * 0 * 0 * 0 * 0
5.5 734 0 0 0 * 0 * 0
29 |78 0O * 0 * 0 * 0 * 0
8.6 [6.72]1.88(.68|1.20|.53| .67 |.48| .19 |.45| O
3.4 1776 0 * 0 * 0 * 0 * 0

The columns marked-’ represent the total inhibitory contribution.
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Dendritic view:

Figure 9—6: The dendritic and the signal-flow views of the competitive layer

Note the unity self-excitatory connections, and the lateral inhibitory
connections.
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9.3 Unsupervised Competitive Learning

The objective of the competitive learning is to adaptively quantize the
input space, that is, to performector quantization of the input space

It is assumed that the input data is organised in, possibly overlapping,
clusters. Each synaptic vectorw;, should converge to eentroid of

a cluster of the input data. An example from a 2-D space in given in
Figure 9-7.

A

Figure 9-7:A 2-D pattern with three clusters of data

In other words, the input vectors are categorized intoclasses
(clusters), each weight vector representing the center of a cluster.
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It is said that such a set of weight vectors descrimgor
guantization also known ad/oronoi (or Dirichlet) tessellationof the
input space.

Example of the Voronoi tessellation is given in Figure 9-8.

2-D Vector Quantisation

Figure 9-8:\oronoi tessellation (vector quantization) of a 2-D space.

The space is partitioned into polyhedral regions with centres
represented by weight vectors (dots in Figure 9-8). The boundaries of
the regions are planes perpendicularly bisecting lines joining pairs of
centres (prototype vectors) of the neighbouring regions.

A very important application of the vector quantization is in data
coding/compression. In this context the set of weights (prototype
vectors) is referred to asadebook

We can find a set of prototype vectors with competitive learning
algorithms.
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A simple competitive learning

A simple competitive learning can be describe as follow:

e \Weight vectors are usually initialise withrandomly selected
input vectors:

w;(0) = x" (rand(j))

e For each input vectorx(n), determine the winning neurory,
for which its weight vector,w;(n), is closest to the input vector.
For this neuron,y;(n) = 1.

e Adjust the weight vector of the winning neurom;;(n), in the
direction of the input vectorx(n); do not modify weight vectors
of the loosing neurons, that is,

Aw;(n) = n(n)y;(n)(x" (n) — w;(n))

T

nx' —w;(n))

e In order to arrive at a static solution, the learning rate is gradually
linearly reduced, for example
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Example — scripts Cmpti.m, Cmpts.m

In this example we consider vector quantization of the 2-D input space
into m = 5 regions specified by, weight vectors arranged infax 2
weight matrixIv'.

We start with generation of a 2-D pattern consistingro€lusters of
normally distributed points. Weights are initialised with points from
the data matrixX.

% Cmpti.m

% Initialisation of competitive learning

p=2 m=5; % p inputs, m outputs

clst = randn(p, m); % cluster centroids

Nk = 100; % points per cluster

N = m*Nk ; % total number of points

sprd = 0.2 ; % a relative spread of the Gaussian "blobs"

X = zeros(p,N+m); % X is p by m+N input data matrix
wNk = ones(l, NK);
for k = 1:'m % generation of m Gaussian "blobs"
xc = clst(;,k) ;
X(:,(1+(k-1)*NKk):(k*Nk))=sprd*randn(p,Nk)+xc(:,wNKk) ;

end
[xc k] = sort(rand(1,N+m));
X = X, K) ; % input data is shuffled randomly

winit = X(:,1:m)’; % Initial values of weights
X = X(,m+1:N+m); % Data matrix is p by N

In the script implementing a simple competitive learning algorithm we
pass once over the data matrix, aiming at weights to converge to the
centres of Gaussian “blobs”.
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%  Cmpts.m

W winit ;

V = zeros(N, m, p); % to store all weights
V(@,,) = W ;

wnm = ones(m,1) ;

eta = 0.08 ; % learning gain
deta = 1-1/N ; % learning gain decaying factor
for k = 1:N % main training loop

xn = X(C,K)

% the current vector is compared to all weight vectors
xmw = xn(wnm,:))-W ;
[win jwin] = min(sum((xmw."2),2));

% the weights of the winning neurons are update
W(jwin,:) = W(jwin,:) + eta*xmw(jwin,:);

V(K,:,)) = W,
% eta = eta*deta ;
end

plot(X(1,:),X(2,:),’9.’,clst(1,)),clst(2,),’ro’, ...
winit(;,1),winit(:,2),’bx’ , ...
V(,:,1), V(,:,2), b, W(,1),W(,2) , 'r), grid

In Figure 9-9 there are four examples of data organised in five
overlapping clusters. After one training epoch, the weights converged
to centroids of the clusters with varying degree of success.

A.P.Paplhski
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Figure 9-9: Simple competitive learning: ‘0’ — centroids of generated clusters; *

initial weights, “*’

Final weights
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9.4 Competitive Learning and Vector Quantization

e Competitive learning is used to create@lebook that is a
weight matrix,I¥/, which stores the centers of data clusters.

For ap-dimensional input space and m-neurons (size of the
codebook) the structure of the codebook (weight mat#iy,is as

follows
cluster
# W 1 D
1 w1 || wig Wy
2 Wy W21 Cas Wap
: : W :
m Wi || W1 Wmp

e The codebook (weight matrix) describes the tessellation of the
input space known agector quantization (VQ). For a 2-D input
space the above concepts can be illustrated as in Figure 9-10.

L X2

Figure 9-10:Moronoi tessellation (vector quantization) of a 2-D space.

e The codebook is created from a representative set of data using a

competitive learning.

A.P.Paplhski
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Vector quantization is used ohata compression
Given a codebool} = [wy;...;w;] the process of data compression
can be described as follows:

1. For every input vectos(n) find the closest codebook entry, that
is the weight vectow ; , for which the distance

[wj, —x(n)]

attains minimum. Then we identify that the input vectofn)
belongs to the-th cluster.

2. Replace all input datd = {x(n)}.nx by their corresponding
indicesJ = {j,}1.n-

- N >

J: 1¢ Jn

3. Transmit/ instead ofX. The codebookl)” must be made
known/transmitted to the receiver.

4. At the receiver, using a codebook, replace eygnyith the
correspondingv;, which will now represenk(n). The
representation error is:

en = |Wj, —x(n)]
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The total squared error is

In order to calculate theompression ratiq C', let us assume that
e Weights and input data are representeddiit numbers,

e The length of the codebook

m < 2b
that is, all cluster indices a¥ebit numbers
Then,

e the total number of bits to represent the input data, that is, the size
of X is

Bxpx N
e The size of the compressed dafajs
bx N
e The size of the codebook/, is
Bxpxm

e The compression ratio is:

O BpN  _ Bp
" ON+Bpm b

For example, folB =16, p =12, =28

C ~ 24
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